Abstract. We consider an impedance boundary-value problem for the Helmholtz equation which models a wave diffraction problem with imperfect conductivity on a union of strips. Pseudo-differential operators acting between Bessel potential spaces and Besov spaces are used to deal with this wave diffraction problem. In particular, these operators allow a reformulation of the problem into a system of integral equations. The main result presents impedance parameters which ensure the wellposedness of the problem in scales of Bessel potential spaces and Besov spaces.
Introduction
The diffraction of waves by regions in a plane is an important topic in scattering theory from both mathematical and engineering points of view, and has been subjected to numerous past investigations. We refer to the survey paper [6] and to the book [3] for a description on the background of these problems.
From the mathematical point of view (depending on the kind of boundary conditions in use and on the geometry of the problem), different studies have been made about the type of the spaces which are more appropriate to deal with such kind of problems (cf. [1, 2, 6] and the references therein). In fact, a great part of the mathematical interest in this kind of problems is devoted to the question of finding out the largest set of possible spaces where the existence of a unique solution, and continuous dependence on the given data will be shown.
Within this goal, it is relevant to mention that for the real (non-complex) wave number case some of the known techniques fail (e.g., certain integral representations constructed by the Wiener-Hopf method for the complex wave number case have no sense in the real wave number situation).
The aim of this work is to analyse the problem of plane wave diffraction by a union of strips. The problem will be formulated in both cases of real and complex wave numbers, and worked out in a framework of Bessel potential and Besov spaces with general integrability and smoothness indices. In addition, impedance conditions will be assumed on both faces of the union of the strips. We will provide new results on the possible smoothness orders and integrability parameters of Bessel potential and Besov spaces for the well-posedness of the announced problem. Thus, the present work improve the known corresponding results in two directions: generalization of the geometrical situation (several strips instead of only one), and generalization of the spaces in consideration (having Bessel potential and Besov spaces with general smoothness and integrability indices). Therefore, we improve for instance the results of [2] where only the one strip geometry was considered and in Hilbert Bessel potential spaces.
The Impedance Boundary Value Problem for the Union of Strips
In this section we introduce the general notation, and present the mathematical formulation of the diffraction problem. Let m be a positive integer number. We will work within the framework of Bessel potential H s p (R m ) and Besov B s p,q (R m ) spaces (for s ∈ R, 1 < p < ∞, and 1 ≤ q ≤ ∞). We refer to [7] for the general properties of these spaces. For a given D ⊂ R m , we will also work with H The corresponding Besov spaces on D will be also used. In addition, we will consider the local Besov and Bessel potential spaces.
Let n be a positive integer number. Considering the Cartesian axes Oxyz, we assume throughout this work that the material is invariant in the z-direction. Therefore, in effect, the geometry of the problem is two-dimensional, which leads us from strips to finite intervals. Thus, let us consider
where Σ :=]a 0 , a 1 [∪ · · · ∪]a n−1 , a n [ for 0 = a 0 < a 1 < a 2 < · · · < a n < ∞, and study the problem of existence and uniqueness of an element u ∈ L 2 (R 2 ), with
1)
where the wave number k = 0 is given, as well as ̺ ± ∈ C, and the Dirichlet and Neumann traces are denoted by u ± 0 = u |y=±0 and u
(Σ) are arbitrarily given since the dependence on the data is to be studied for well-posedness. Note that the conditions in (2.2) are understood in the distributional sense.
Later on (as mentioned in the Introduction) we will also consider this problem in a larger framework where the solution is studied in both Bessel potential and Besov spaces within a larger range of integrability and smoothness space parameters.
We recall that we will deal with both situations of a dissipative and a non-dissipative medium reflected by the conditions ℑm k = 0 and ℑm k = 0, respectively. Thus, for the real wave number case (k ∈ R) it is natural to require that the eventual solution of (2.1)-(2.2) should also satisfy the Sommerfeld radiation condition at infinity
see, e.g., [3] . Therefore, in what follows it is assumed that for a real k we have a radiating u, while for a complex k it follows that u exponentially decays at infinity. Let r Σ denote the restriction operator to Σ (in corresponding spaces of Besov or Bessel potentials). Note that the conditions (2.1)-(2.2) lead to the following transmission conditions on R \ Σ:
Thus, when computing
we conclude that we necessarily need to have a compatibility condition between the data:
This occurs because from the transmission conditions on R \ Σ and (2.2) it follows u
(Σ), and also due to i̺
From now on we will refer to Problem P Imp as the one characterized by (2.1), (2.2), (2.3) and the Sommerfeld radiation condition at infinity, in the case of k ∈ R, and by (2.1), (2.2) and (2.3) in the case of k / ∈ R.
Uniqueness of Solution
Let us assume that Σ is a part of some smooth and simple curve S which separates the space R 2 into two disjoint domains Ω + and Ω − = R 2 \Ω + , such that Ω + is a bounded domain and S = ∂Ω ± (cf. Figure 1) . In this case, we will denote by n(z) = (n 1 (z), n 2 (z)) the outward unit normal vector at the point z ∈ S = ∂Ω + (see Figure 1 ).
x y a 0 a 1 a 2 a 3 a 4 a 5 a n−1 a n Figure 1 . The geometry of the problem.
, then the homogeneous Problem P Imp (i.e., Problem P Imp in the particular case of h ± = 0) has only the trivial solution u = 0 in the space H (ii) If ℑm k = 0, and one of the following situations holds:
then the homogeneous Problem P Imp has only the trivial solution u = 0 in the space H 1 2 (Ω).
Proof. (i) Let us first consider the case of ℑm k = 0, ℜe ̺ ± ≥ 0. Take R to be a sufficiently large positive number and let B(R) be the disk centered at the origin with radius R, such that Ω + ⊂ B(R). We define Ω − R := Ω − ∩ B(R), and consider u to be a solution of the homogeneous problem P Imp . Then, Green's formula for u and its complex conjugateū (in the domains Ω − R and Ω + ) yields
∂ n uū dS,
where the symbols [·] ± denote the non-tangential limit values on S from Ω ± and ·, · S , ·, · Σ denote the duality brackets between the dual spaces H 
∂ n u u dS
Now, since we are assuming the parameter R to be sufficiently large, we can apply the Sommerfeld radiation condition on the circle ∂B(R). Let us now separate the imaginary part of the equation (3.1), and use the fact that u ∈ Som(Ω) implies u(x) = O(|x|
We therefore obtain
which yields lim R→∞ ∂B(R) |u| 2 dS = 0, due to the conditions ℜe ̺ ± ≥ 0.
Consequently, from the Rellich-Vekua Theorem [8] , it follows that u = 0 in Ω.
(ii) For the second case, we can repeat the same reasoning as in the case (i) up to the step of formula (3.1). Additionally, since ℑm k = 0, the solution u ∈ H 1 2 (Ω) of the Helmholtz equation exponentially decays at infinity and so it follows
, when passing (3.1) to the limit as R → ∞. From the real and imaginary parts of the last identity, we obtain
In conclusion, for each of the conditions (a)-(g), it follows from the last two identities that u = 0 in Ω. ⊓ ⊔
The Integral Form of the Solutions
In the present section we will use pseudodifferential operators, acting between Bessel potential and Besov spaces, for studying the solution of the original problem. Without lost of generality, we will assume that k > 0 when in the case of a real wave number (the complementary case of k < 0 runs with obvious changes). Let us denote the standard fundamental solution of the Helmholtz equation (in two dimensions) by Γ (x, k) := − 
In addition, by summing up (and taking into account the continuity relations
), we derive that
which holds for a solution u ∈ H Let us now recall some mapping properties of the above single and double layer potentials (cf., e.g., [4] and [5] ), in Bessel potential and Besov spaces with indices s ∈ R, 1 < p < ∞, and 1 ≤ q ≤ ∞:
for a real positive wave number k, and 2 (S), the following jump relations are also well-known 5) where I denotes the identity operator, and
Note that in our geometry, after restricting the above K and K * to Σ they became to be zero operators and so they will not make significant influence in the invertibility study. Therefore, they are omitted in below considerations. Theorem 2. Let s ∈ R, 1 < p < ∞, and 1 ≤ q ≤ ∞. The operators (4.6) and (4.9) considered now on Σ are pseudo-differential operators of order −1 and 1 (respectively) which can be restricted/extended to the following bounded mappings:
In addition:
is Fredholm if and only if
is Fredholm if and only if (4.12) holds true.
(v) All the operators in (4.10) and (4.11) are invertible provided that (4.12) holds true.
The last result was derived using the methods detailed presented in [5, §5] (the proof is omitted for a matter of brevity).
Existence and Regularity of Solutions on Bessel Potential and Besov Spaces
In the present section, for the spaces H 
